This paper focuses on the realization of an inflationary model from a canonical scalar field theory with a Woods-Saxon potential, in the slow-roll approximation. Our analysis indicates that the observable quantities derived theoretically from our model, namely the spectral index of the primordial scalar curvature perturbations and the tensor-to-scalar ratio, are compatible with the latest Planck collaboration data. We also discuss the qualitative features of the potential, and we show that the value of the scalar field for which the graceful exit occurs, coincides with the inflection point of the scalar potential. We also attempt to study the post-inflation reheating phase of the model, in order to further examine the viability of the Woods-Saxon scalar field model, and as we demonstrate the results indicate viability of the model for this era too, however the instantaneous reheating is not allowed for the model at hand.
I. INTRODUCTION
The primordial era of the Universe after it exited the quantum era, is undoubtedly one mysterious period of evolution, and at the same time perhaps the only link of classical physics to the post-quantum Universe. Two scenarios seem for the moment to consistently describe the primordial evolution, either the inflationary scenario [1] [2] [3] [4] or the bouncing cosmology scenario [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Both of them have become increasingly popular, as they appear to resolve the majority of problems the standard Big Bang cosmology faced, with the main attribute of both being that these are able to generate a nearly scale invariant power spectrum of primordial curvature perturbations. Every theoretical model eventually is confronted with the observational data coming from the latest Planck collaboration [16] , and many models of modified gravity and standard scalar-tensor gravity, manage still to successfully be consistent with observational constraints, see for example the reviews Refs. [5, [18] [19] [20] [21] [22] . Such an example are the f (R) models of gravity, that can provide a viable cosmological evolution for a series of completely different inflationary scenarios , or for bouncing cosmology scenarios [47, 48] .
Apart from the modified gravity description, the most traditional approach to describe the inflationary era is to use a slow-rolling canonical scalar field [3, [49] [50] [51] . Such formulations are very well-known in the literature, as their scope is to identify the form of the potential that can generate a viable inflationary scenario, a graceful exit from it, and eventually to provide a reheating phase right afterwards. In this sense, we may come closer to identifying the scalar field expected to have actually generated the early-time accelerating expansion, since both direct observations have so far been impossible, as well as the fundamental physics of so high energies remain unfolded. Several potentials have been utilized so far, in context of the minimal and non-minimal scalar coupled theories [5] .
In this paper we shall investigate in detail the phenomenological implications on the inflationary era, of a newly introduced Wood-Saxon potential, in the slow-roll approximation. This form of potential is known from nuclear physics studies [52] , so in this work we shall assume that the scalar field potential has a Woods-Saxon form. We shall calculate the spectral index of the primordial scalar curvature perturbations and the tensor-to-scalar ratio and eventually we shall confront the theoretical predictions of the model with the latest Planck data. As we demonstrate the resulting phenomenology is compatible with the latest Planck data for a wide range of the free parameters values. In addition, we shall study the reheating era produced by the Woods-Saxon canonical scalar model, and we shall calculate in detail the duration of the reheating era and the reheating temperature. As we shall demonstrate, the results are within the allowed observational and theoretical predictions, however the instantaneous reheating process cannot be realized by the Woods-Saxon canonical scalar field model, so the maximum reheating temperature for the model at hand is not reached right after inflation. Nevertheless, a consistent reheating era can be produced by the Woods-Saxon scalar theory, for the same range of values of the free parameters that can generate a viable inflationary era.
The paper is organized as follows: In section II, we will provide an overview of the inflationary dynamics of a slow-rolling canonical scalar field and we introduce the Woods-Saxon scalar potential. We also calculate in detail the slow-roll indices and the inflationary indices, and accordingly we compare the results with the observational data coming form the Planck collaboration. In section IV, we study the post-inflationary reheating era and again compare our results to the observations. Finally, the conclusions follow at the end of the paper.
II. INFLATIONARY DYNAMICS: THE WOODS-SAXON POTENTIAL CASE
In the following, we always deal with a flat Friedmann-Robertson-Walker (FRW) Universe, with line element,
where i = 1, 2, 3 denote the Euclidean spatial dimensions, and a(t) is the scale factor, implying an expansion (or contraction) of the 3-dimensional spatial spacelike hypersurface over time. We also assume that the action of our theory has the form
where R is the Ricci scalar, g is the determinant of the metric g µν , φ = φ(x µ ) is the scalar field with potential V (φ), and κ 2 = 8πG in natural units. By varying the action with respect to the metric, we obtain,
and the Landau-Raychaudhuri equationḢ
where H =ȧ a the Hubble rate,
00 the effective energy density and P (φ) = T (φ) ij the effective Pressure of the scalar field -where T (φ) µν = δL φ δg µν the effective energy-momentum tensor. Specifically, the energy density and the pressure of the scalar field are,
In order for the system to be complete one needs a continuity equation and an effective equation of state for the scalar field. The first of these is easily obtained, either by varying the action of Eq. (2) with respect to the scalar field, δS δφ = 0, or by assuming the covariant constancy of the effective energy-momentum tensor, ∇ µ T µν = 0. Either way will eventually produce the equation of motion for the scalar field,
As for the effective equation of state, linking pressure and energy-density of the scalar field, we can simply assume that the effective fluid corresponding to the field is a perfect fluid, hence its barotropic index is easily found to be the quotient of the pressure over the energy density,
In order for this scalar field to generate and inflationary model, we need a slow-rolling condition, in other words, we need the scalar field to slow-roll on its potential for sufficient time so long as for the scale factor of the Universe to increase sufficiently for the Cauchy, the horizon and the flatness problems to be resolved. This means that eventually the following condition needs to hold true,
This simply means that the kinetic term must become really small (approximately zero) in comparison to the potential. In order to quantify this, we introduce the slow-roll indices, which in the case of General Relativity with minimally coupled scalar fields take the form,
that measure the velocity and the acceleration of the Hubble rate. Furthermore, we can introduce the deceleration parameter, q = − 1 +Ḣ H 2 , that is strongly related to the slow-roll indices,
In what we know, by imposing the condition (8) means that the Hubble rate must be proportional to the square of the potential and its derivative approximately zero, as can be seen from Eqs. (3), (4) and (7),
which implies an approximate constancy for the Hubble rate. The slow-roll indices must take the form,
where the prime indicates differentiation with respect to the scalar field. From Eq. (12) we have that ǫ ≃ 2η and that both of them must be essentially small (ǫ, η ≪ 1), as a consequence of the slow-roll condition. Introducing these to Eqs. (7) and (10), we observe that,
which means that, firstly the effective fluid corresponding the scalar field shares the same characteristics as the quantum vacuum energy, and secondly, that such an effective fluid allows for a highly accelerating expansion. Due to the slow-roll condition and an imposed linearization, we can derive the spectral index of primordial scalar curvature perturbations, n S , and the tensor-to-scalar ratio, r, as functions of the slow-roll indices,
If the Universe is to gracefully exit the inflationary era and continue with the subsequent phases of evolution, then the slow-roll condition must no longer hold true. In that case, the kinetic term would again become comparable to the potential and the slow-roll indices values would increase. Especially ǫ must reach unity, which is exactly the condition for the graceful exit to occur. This means that the potential will reach some minimum and that the scale factor of the Universe has become sufficiently large. The reflection of these on the spectral index and the tensor-to-scalar ratio would be that they would move towards constant values of very specific value. Particularly, the spectral index must approach (but not reach) unity, while the tensor-to-scalar ration must become extremely small (certainly below 0.1).
Observations of the Cosmic Microwave Background obtained by the Planck collaboration [16] , indicate the following constraints on the values the spectral index and the tensor-to-scalar ratio, n S = 0.9649 ± 0.042 and r < 0.064 .
Based on these values, we can estimate the viability of each proposed model for the early-time expansion of the Universe.
A. Inflationary Dynamics of the Woods-Saxon scalar field
The inflationary scenario we propose is generated by a scalar field with a Woods-Saxon potential. This potential is defined as,
where V 0 , α, and κ are real constants with dimensions eV 4 , eV and eV −1 , while β is a real dimensionless constant. Generally V 0 represents the depth of the potential and α and β are left as free parameters of the model.
It is obvious that the potential has no maxima or minima, but it has an inflection point located at
which may not exist for β < 0 or for α = 0; the inflection point lies in the negative if 0 < β < 1 and α > 0 or β > 1 and α < 0, and lies in the positive in the opposite, while it is exactly φ * = 0 when β = 1. From the plots of the potential in Fig. 1 , we can see that V 0 is indeed the depth of the potential, α indicates whether the attainment of the depth will be for negative or positive values of the scalar field and, finally, β denotes the "stickiness" of the potential, in other words, the speed of the convergence towards V 0 . Just for the record, if β < 0, then the potential does not have its double plateau, but it rises to infinity from one side. The presence of a plateau that reaches some edge and then drops, is a feature we esteem, since it can generate the slow-roll condition during inflation, but also the graceful exit after that. From Eq. (12), we may calculate the slow-roll indices for this scalar field during inflation, which are,
2 (βe −ακφ + 1)
In order for the inflationary era to reach an end, we shall assume that ǫ = 1 and solve with respect to the scalar field, so we obtain,
which is the value of the scalar field as the Universe exits inflation. Interestingly enough, this value coincides with the inflection point for α = √ 2 2 . We shall express all the physical quantities in terms of the e-foldings number, defined as follows,
where t in and t f in the initial and final moments of inflation. If the slow-roll approximation holds true, we easily see that,
substituting V (φ) and its derivative from Eq. (16), we can easily calculate the e-foldings number as a function of the scalar field in the beginning (and during) inflation,
Solving this with respect to the value of the scalar field in the beginning of inflation we have
where W(x) is the Lambert function (also knows as the "product logarithm"), that offers the inverse of f (z) = ze z for any complex number z. We shall assume that the initial value of the scalar field is the one corresponding to horizon crossing during inflation. The value of the scalar field in Eq. (22) is given with respect to the e-foldings number, hence it may be said to represent the evolution of the scalar field over time (over N ) during inflation. Substituting to the slow-roll indices of Eq. (17), we may obtain these with respect to the N .
As we observe in Fig. 2 , both of them converge very fast to small -almost zero-values. Also η in does not seem to depend significantly on parameters α and β, despite appearing on its expression, while ǫ in tends faster to zero for lower values of α. We need to note that that we used only negative values of α, as any α > − √ 2 2 , that stood for φ * = φ f in , gave infinitely increasing ǫ in . Using Eqs. (13) and (14), we can eventually calculate the spectral index, which is,
and the tensor-to-scalar ratio, r = 8α
It is easy, in this form, to compare them with the observational constraint coming from the latest Planck data. As it can be see in Fig. 3 , the only parameter playing some important role in the size and value of the spectral index and especially of the tensor-to-scalar ratio, is α. However, as long as |α| is sufficiently large, no problem arises, as n S ≃ 0.966676 and r ≪ 0.064. Also, the value of V 0 does not affect at all the observational indices. However, as we demonstrate in the next section, V 0 affects strongly the reheating era. In Fig. 4 , we plot the parametric plot of n S and r for our model, given κ = 3.90584 × 10 −28 eV −1 , N = 60, β > 0 and a varying α < 0. The blue curve corresponds to their "trajectory" with respect to α. The horizontal black line stands for the upper limit r = 0.064 given by the Planck collaboration, the vertical crimson line denotes n S = 0.9649, while the dashed vertical red lines denote its deviations within 95% significance, also given by the Planck collaboration. We can plainly see that the two observable quantities are within the observationally allowed range of values. Having discussed the inflationary phenomenology of the model, and upon verifying its viability, what remains now is to prove that it can also provide a viable reheating era. This is the subject of the next section.
III. THE REHEATING ERA
As we demonstrated in the previous section, the inflationary era generated by the Woods-Saxon scalar field model is quite well fitting the observational data, deeming this a good candidate for the description of early-time dynamics. However, as has been stressed in the literature, the graceful exit from inflation is not enough, since the temperature of the Universe has decreased significantly and in effect it must be somehow be increased by some internal mechanism in the post-inflationary era, so that cosmic evolution will continue as we know from the standard Big Bang model [53] [54] [55] [56] [57] [58] [59] . This problem is usually addressed by the very own structure of the inflationary potential, that is expected to reach either a minimum, or some times an inflection point, where the inflation-generating scalar field will also generate the reheating of the Universe [40, . Of course, this idea has not come without restraints, since classical scalar fields, like the Higgs, are proved to block or delay the reheating [80, 81] , with some references claiming that auxiliary scalar fields [82] or some non-minimal gravitational couplings [83] are essential to the reheating phase. An alternative way to address this problem is by seeking a safe transition from the inflationary potential decay to the radiation-dominated era afterwards [84] .
Our scope here is merely to test the Woods-Saxon scalar field towards its capability to generate the post-inflationary reheating. In doing so, we need to calculate the thermalization temperature of the Universe, T re , and the duration of the reheating, N re (again in terms of the e-foldings number), as well as to provide an effective equation of state for the post-inflationary matter fields, which should give a barotropic index greater than − 1 3 , so that acceleration ceases, and lower than 1, so that causality is preserved. In addition, the spectral index, n S , must be maintained in the value it obtains at the end of inflation, so that the scalar perturbation modes maintain their amplitude during the radiation-dominated era and in the Cosmic Microwave Background. More specifically, we define the duration, N re , as the number of e-foldings from the final moment of inflation, N f in ∼ 50 − 60, till the equation of state transits to w ef f = 1 3 (the radiation-dominated era) and the thermalization temperature, T re , is the temperature reached at this the exact time instance that the Universe enters the radiation domination era, although this definition has a flaw, since it is not consistent with w ef f = 1 3 during reheating, see Ref. [66] for discussion.
In the analysis that follows we shall use the notation and terminology of Refs. [63] [64] [65] [66] [67] [68] . Naming a f in and ρ f in the scale factor and the energy density at the end of inflation and, similarly, a re and ρ re at the end of the reheating, we may easily apply the solution of Friedmann's equation Eq. 3 as,
where w re the barotropic index at the end of reheating. Rewriting this with respect to e-foldings number, it is easy to calculate the duration of the reheating, which is [66] ,
re , where V f in is the value of the potential at the end of inflation and g re is the number of relativistic species during the reheating era, which is estimated by [16] to be ∼ 100. In the same manner, the temperature at the end of the reheating is [66] ,
where a eq the scale factor in the matter-radiation equality moment and N RD the duration (in e-folds) of the radiationdominated era, since a re = a eq e NRD , and T 0 is the present day temperature T 0 ∼ 3.19 × 10 −5 eV. We can further write T re [66] ,
where N k and H k is the duration and the Hubble rate of the pivot scale k = a k H k for some observation, crossing outside the Hubble radius and starting at the end of inflation. We shall use the result of the Planck collaboration [16] , which is k a k ≃ 0.05 M pc −1 .
For w ef f = 1 3 , combining Eqs. (28) and (30), we may easily find that the duration of reheating is given as,
while the temperature is [66] ,
where H k and N k are given as a consequence of a specific model, namely of a specific scalar field. We know that the duration in e-foldings is given by
Given that the scalar field follows a Woods-Saxon potential from Eq. (16), the integral yields
From this, we may calculate the value of the scalar field in the pivot scale, φ k , and thus the value of the potential,
the slow-roll indices, ǫ k and η k , and finally the Hubble rate for the pivot scale,
where A s the amplitude of curvature perturbations, which the latest Planck data [16] suggest that it is A s = 1.90461× 10 −9 , which we shall use. Substituting Eqs. (33), (34) and (35) in Eq. (31) and in Eq. (32), we may calculate the duration and the temperature of the reheating respectively for different barotropic indices, w re . Generally, we know that w re = − 1 3 means that we enter a constantly expanding Universe and thus exiting inflation, while w re > − 1 3 describes decelerating expanding Universe. We also know that w re = 1 3 indicates the radiation-dominated era, that has to follow the early stages of the Universe, while w re > 1 corresponds to models not respecting the spacetime causality. At the same time, we have to ensure that the spectral index remains close to the values observed in the Cosmic Microwave Background radiation, so that the the curvature perturbations created throughout the inflationary era are preserved during the early Universe and until the radiation-dominated era, after which they shall form the observed structures.
In order to check the aforementioned constraints for the model at hand, we plot both the duration N re and the temperature T re (in eV) of the reheating with respect to the spectral index n S , as the duration of the pivot scale N k varies, for a wide selection of matter content with barotropic indices in the interval − the upper right to V 0 = 10 −10 eV 4 and the bottom plot to V 0 = 10 −60 eV 4 . Also the parameters α and β are given the same values of the previous section that make simultaneously the inflationary theory viable.
As it can be seen in all plots, the reheating temperature is crucially affected by the parameter V 0 , and in addition the reheating era is generated by the Woods-Saxon scalar theory in a viable way. However, for large values of the parameter V 0 , which recall that controls the depth of the Woods-Saxon potential, several equations of state for the scalar field are excluded. For example in the case V 0 = 10 2 eV 4 , the equation of state parameter values w re = 0 and w re = 1/5 are excluded since these generate extremely high reheating temperatures. Finally, the instant reheating mechanism for the model, which corresponds to N k = 0, is excluded for all the values of the equation of state parameter and for all the values of V 0 .
IV. CONCLUSIONS
The focus in this work was on the realization of an inflationary scenario in the context of a canonical scalar field with Woods-Saxon potential, along with its capability of producing a viable subsequent reheating era. As we demonstrated, both the inflationary era and the reheating era can be successfully described by the Woods-Saxon scalar field model. Specifically, the early-time accelerating expansion is naturally driven by the slow-rolling of the scalar field and the theoretical predictions about the scalar and tensor perturbations are successfully compared to the observational data of the Planck collaboration. In addition, we showed that a reheating era maybe produced by the Woods-Saxon scalar theory, in which the maximum reheating temperature is within the existing constraints, for the same values of the free parameters that make the inflationary theory viable.
Thus the same set of the free parameters values can produce a viable inflationary era and at the same time a viable reheating era. Also it seems that the parameter V 0 of the Woods-Saxon potential crucially affects the reheating era, while it does not affect at all the inflationary era. This parameter determines the depth of the potential. Another interesting feature of our work is that the value of the scalar field for which the graceful exit occurs, coincides with the inflection point of the scalar potential, a feature which can be interesting phenomenologically. Several authors support the idea of an inflection point in the potential generating reheating [60, 62, 70, 78, 85] .
Finally, let us note that, inflation might not be the result of a single slow-rolling scalar field, but maybe it is generated by many scalar fields, hence the reheating afterwards too can also be the results of many scalar fields [82, [86] [87] [88] [89] [90] [91] [92] [93] [94] [95] [96] [97] [98] . In this way, we may also consider a specific scalar field to dominate during inflation and another to dominate later, or more than one dominating at the same time.
